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Symmetry coordinates and the corresponding G and C* matrix
elements are specified for the planar XY, model of symmetry Dy.
Also given is a set of suitable symmetry coordinates for the (benzene-
type) planar XY, model of the same symmetry.

A great number of chemical compounds XY, of octahedral symmetry are
known. This model is treated in details in Chapter 8 of Cyvin’s book,!
which includes a tabulation of G, C*, and other matrices of interest in problems
of molecular vibrations. The planar XY, model treated here has only theoretical
interest, since no chemical compounds have so far been found to have this
structure. Nevertheless the model has been treated previously by Pistorius,?
who gave symmetry coordinates and the G matrix. Here we use slightly
different coordinates in order to make them conform the conventions adopted
in previous parts of this article series,>® and give the C* elements in addition.
These elements pertain to the Coriolis coupling of vibration-rotation with
respect to X, Y, and Z. Some of the here given elements have already been
applied in some studies of the mass influence on Coriolis constants in XY,
type molecules,® in which the inclusion of the planar XY, model was relevant.
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We take this opportunity to include the important benzene-type (planar
XeY) model in this series of tentatively standardized symmetry coordinates.
The present symmetry coordinates for this model are essentially the same as
those of Brooks and Cyvin,” only with some differences in scaling of coordinates
and orientations of degenerate coordinate pairs. The cited paper ? may be
consulted for some references to previous treatments of the model in question.
A particularly significant contribution to the studies of benzene is due to
Duinker and Mills.® This work also contains references to some other recent
developments. The investigators ® point out the importance of the orienta-
tion of degenerate coordinate pairs with respect to the molecule-fixed cartesian
axes in relation to the studies of Coriolis coupling. It therefore seems relevant
here to specify the rules which apply to the degenerate coordinates of the
present work, although they are the same as those pertaining to the planar
regular hexagonal Zg; model treated in Chapter 8 of Ref. 1.

The below statements about transformation properties apply to both of
the here treated models, which both belong to the symmetry group Ds;.
The stated rules pertain to the orientations of cartesian axes and degenerate
symmetry coordinates as they are specified in the subsequent sections. A pair
of degenerate coordinates (Si,, Si;) in a symmetric top with a p-fold symmetry
axis C, (p>2) should fulfil the convention ;3

Sia cos ¢ sin ¢ Sia

CP [S,‘b] = | —sin @ COos (0] [Sib] (1)
Here C, is taken to rotate X towards Y by the angle p=2a/p. We have
chosen the (S, Si) degenerate coordinate pairs of species Ey, to transform
like the rigid translations (7',, T'); they fulfil the requirement of eqn. (1)
with both the C; and C; axes of symmetry. The pairs belonging to K., and
E,, transform like the coefficient combinations (2‘*ocyy-—2"*ax,, 2%0%,) and
(27 By —2Brr, 2'B.y.), respectively. They fulfil eqn. (1) for Cj, ..
¢=2n/3, but not for 27/6.

As a consequence of the here chosen orientations all Coriolis couplings
with respect to X and Y where a degenerate block takes part split into separate
couplings with exclusively a@ or b coordinates. A detailed account on the
regularities of the corresponding C* elements (which are the same as those
for the {* constants) for the here treated X'Y4 model is given in the subsequent
section.

PLANAR REGULAR HEXAGONAL XY, MODEL

Fig. 1 shows the orientation of cartesian axes, and the applied valence
coordinates for the in-plane vibrations. The out-of-plane coordinates are
specified in terms of cartesian displacements. A complete set of symmetry
coordinates is given in the following.
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672 R (ot — oty oty — oty 01, —0tg)
1272(2r - ry—13—2ry—7r5-+7¢)
%‘R(O‘]—‘Xa“%"{’%)
3(rot-rg—r5—7rg)
l2‘%‘R(a1—|-2a2+a3——a4—2a5—16)
%(—122—|—z3—-—z5—|—z6)

1275(— 22429 +23— 22,251 2¢)

O 1|

In species A4, the zero coordinate

67 R (o oy tog oy F25+2g) = 0

was simply omitted to remove the redundancy.

Table 1. G matrix for the planar regular hexagonal XY, model.

S(Alg) S(Bzg) Sl(EzE) Se(Ezé’)
S(Aye) Hy
S(Bye) 6uy
S1(Bo) uy 0
S5(H ) Suy o
S(A,,) S(By) S(Bgu)
S(4,4) 36ux +6uy
S(Byy) uy
S(Bzu) 4.uY
S1(Eyy,) So(Bu) S(Byu)
‘S‘l(Elu) 3ux—+uy — 3ux
'Sz(Elu) ux+upy
S(H,y) Hy o

The symmetrized G matrix elements are given in Table 1. As usual uy
and uy are used to denote the inverse masses of the X and Y atoms, respec-

tively.

Several types of Coriolis couplings exist for the considered model, of which
an account is given in the following. As a consequence of the chosen orienta-
tion of degenerate pairs with respect to the cartesian axes all types of couplings
with respect to X and Y involving a degenerate species split into separate
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Table 2. C* matrix elements for the planar regular hexagonal XY, model.

(&4 Sla(Ezg) Sza(Ezg) Sm(Em) Sza(Em)

S(Byg) Stuy 3uy ; .

S(44,) 3:(6ux+uy)  —3Hbux+uv)

cr S(By) cr SalFy) Sy(E o)

S(Bu) — 2y S(B.y) iy
S(Byu) — 2y

Cc* Sa(Ezu) Sb(Ezu)

‘S:m(]zm) —4% uy

bvm(h‘m) —'é y

‘5'117(]911:) oy

‘Szb(Ew_)__ ¥ uy

couplings with only a or b coordinates, exclusively. Tables 2 and 3 list suf-
ficient C* matrix elements to construct the complete C* matrices when the
general properties of skew-symmetry of these matrices is taken into account,
along with the regularities specified in the following.

(i) The type of By, X B, with respect to X and Y. By X Egs(a)/Y elements
are tabulated (see Table 2), while By, X Hs,(b)/X contains the same elements
with opposite signs. This means that ¢ p=—C?,, where ¢ refers to S(By,),
while ¢ is the subscript number of an £, coordinate. Furthermore
O,‘xtuZO,'ytb:O-

(il) A2ux E14(b)]X contains the same elements with opposite signs as
A2y X B1(a)]Y, of which the latter are tabulated. In other words this type
of Coriolis coupling displays exactly the same regularities as case (i) above.

(iii) Biu X Beu with respect to Z.

(iv) B X EB24(b)/X has the same element (equal sign!) as the listed one
of Bi X Eey(a)] Y.

(v) BauX H2,(b)/X has the same element with opposite sign as
BguXEgu(a)/Y.

(vi) B xHz with respect to X and Y. There exist elements of
Ei(a) X Eu(b)/Y the same but with opposite signs as the listed ones of
Eiu(a) X Bau(a)/X. There are finally also elements of Ei,(b) X Esu(a)/Y the
same with equal signs as those of Ey,(b) X Es.(b)/X.

In Table 3 the elements of the two most important types of the Coriolis
couplings are listed, namely those of (vil) FHaga)X Eag(b) and (viii)
Eyu(a) X E1,(b), both with respect to Z. These types may in general contain
elements for a first-order Coriolis coupling between coordinates Su XSy,
t.e. the members of a degenerate pair within the same species. In the present
model these elements actually vanish in the case of Ey, X Es;, but not in
E1uX B1.. The latter type (£iuxFE) is the well-known and frequently
studied type of Coriolis coupling always present in symmetric top molecules.
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Table 3. C* matrix elements of E,xE, and E,, xE,, types in the planar regular
hexagonal XY, model.

Cc* Slb(Ezg) S2b(E2€) Slb(Ew) Szb(Em)
Sm(EzE) 9 33 Hy

Sa(Eqg) 3y 0

S1a(EBrw) 3ux — (Bux-+uy)
Spal(E1y) —(Bux+ny) 3ux

Fig. 1. Planar regular hexagonal XY, JF9g. 2. Planar regular hexagonal X,Y,
model; symmetry Dg;. R denotes the equi- model; symmetry Dgy;. D and R are used
librium XY distance. to denote the equilibrium distances of XX

and XY, respectively.

PLANAR REGULAR HEXAGONAL XY, MODEL

For the benzene-type XY, model of symmetry Dg, (see Fig. 2) we give
here shortly a specification of a convenient set of symmetry coordinates.
It is adhered to the same conventions about orientations of degenerate pairs
of coordinates as adopted in the planar hexagonal Z; and XY models treated
in Ref. 1 and the preceding section, respectively. Hence also the same regulari-
ties as to Coriolis coupling elements are sound in the present case. Some
explanations to the applied valence coordinates are given below as a supple-
ment to Fig. 2.

In-plane ring bendings «; and the XY rocking coordinates f; for i=1, 2, ...,
6 are combinations of the ¢ bendings according to:

a0, = —(p;49,), B = $(p;— ;)

The out-of plane valence coordinates are indicated by parenthesized symbols
in Fig. 2. They are the ring torsions (6;) and XY out-of-plane bendings (y;).
These coordinates are expressed in terms of the cartesian displacements as:
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Do, =} 3*(221-—2z2+z3 —26)
Déy = § 3H(—2;+22,—22+2,)

etc., and
1 2 1 1 1
71= '—(R-I-D)ZH-E Ztp %t 4

1 1 2 1 1
=7 21—(R+1—))z2+1—) Ztp %

etc. The complete set of symmetry coordinates is specified below.

Si(dy) =6 (d1+d2+ds+d4+d5+de)

Sp(Ay) =6 (71+72+7'3+7'4+7'5+7'6)

S(Az) =6 (RD) (Bt BatBs+ Bat-Bs+ Bs)
81(Bz) = 6_'D(5 "“52‘1“5 — 04+ J5— Je)
Sy(By) =671 (RD) (71— 72+ Ps—Va+ 75— 7s)
Sa(Elg) = z.(RD) (72+73_9’ — V)

Sy(lrg) = 12—’(RD) (2y1+ya—v3—274— 751+ V)
Sla(E2g) =127 (d1’2d2+d3+d —2d5+ 6)

Soa(Bay) = 12“D(2oc1—a2—oc3—l-20(4——0(5—0(6)
3a(Hag) = 127 (2r —Try— 1yt 2ry—1r5—1¢)
S4a(E2g) = §( ) (ﬁz ﬁ3+ﬂ5 ﬂs)
Slb(EZg) = %( d1+d3 4+d6)
Sop(Bzg) = $D(—ayt-og—o5-ag)
Sau(Bizg) = 3(— N 2+7"13 r5-+7g)
4b(E2g) = 12: D): (2ﬂ1—ﬁ2_ﬂ3+2ﬁ4—ﬁ5—ﬁ6)
S(Azu = 6_:( DY (y1+ 79+ 75+ va+ 75+ 76)
S1(Bw) =6 ;D(‘l]—“z"‘“a oy a5 —otg)
So(Bi) == 67 (ry—1ry4-r3—7y+75—15)
S1(Ba) = 6- f( dytds—d,+ds—dy)
o(B2) = 6HRD)}(B,— Bot-Bs— Byt Bs— Be)
S1a(Bra) = 87Hd,—dy—d,+ s)
——24—’1)(20(]—{—&2 — 200y —ot5+-0g)

Sao(B1e) = 127 §(27' +rg—1r3— 274"‘7'5’*‘"6)

S3a(E1y) (RD) (B2t Bs—PBs— Bs)

S1(Bw) = 24‘ (d1+2d2+ dy—dy—2d;—dy)
—8 ’D(“2+“3—°‘5 %)

Sop(E1a) = ¥( %—}—7‘3 r5—7)
Ssp(Br) = 127(RD)}(— 2ﬂ1 BatBs+2B4+ Bs—
S1.(Eou) = 12“§D(51—2(52+53—}— 94— 205+ dg)
Ssa(B2u) = H(RD)}— y2+y3 Y5+ Ve)
Slb(E'2u) ——:% ( 1) +53 +5 )

1, —

-
N}

SZb(EZu)

*RD)( 2y1+y2+y3 2y4-+y5+7)
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Finally we give the redundant zero coordinates, which complete an orthogonal
transformation together with the above given set of symmetry coordinates.
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[a—

!PQDN)

=Rl Kerliv]

Sr(Alg) = 67D Doy +ogtog-toy+os+tag) = 0
Sra(Er) =127 D(61+20 + 03— 0,—20;— ) = 0
Sw(lhy) = %12(51—53—54+ dg) = 0

S (A1) = 6‘jD( 1+ (52—}— 63+54+ 05+ dg) = 0
Sra(l) =8 '(dl dy—d,+-d )

24~ ’D(?axl—{-aq — 2oy —ag+ag) = 0
Siw(Bvw) = 24"‘( —d,—2d, d3+d4+2d-+d )
+8 2D("°‘2_°‘3+°‘5+°‘6) =0

i
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