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Mean Amplitudes of Vibration for the C—H Stretching

S. J. CYVIN

Institutt for Teoretisk Kjemi, Norges Tekniske Hggskole, Trondheim, Norway

Approximate formulae for mean square amplitudes of vibration
for the C —H stretching are evaluated. Characteristic numerical values
are tabulated.

Calculations of mean amplitudes of vibration from spectroscopic data have
proved to be of great interest in molecular structure studies!. In the
present work the C—H bond distances are studied, and explicit formulae for
the mean square amplitudes are given.

When small harmonic vibrations are assumed, the formula to be used is 2

w2 = (ray = » (hC}4m)A} 1)

+

where (Jav denotes the time average, 4, = 47:21/?, ¥, being a fundamental
frequency, k is Planck’s constant, and C, are the coefficients in

r:Z C,Q; (2)

where @, is a normal coordinate, and r denotes the deviations from the equi-
librium C—H distance. The dependence on temperature could be omitted
in this case, because the C—H stretching frequencies are comparatively
high. The coefficients in eqn. (2) can be computed by means of a normal coor-
dinate analysis. Wilson’s GF matrix method 34 is very useful for this purpose.

As pointed out by Wilson 4, it is a good approximation to separate the
extreme high C—H stretching frequencies in a molecule from the remaining
fundamentals. This is very useful in the problem of mean amplitudes of
vibration, as explicit formulae for % can be evaluated by applying the method.
As a first example, the allene molecule shall be considered, and the formula
is going to be worked out in details in the next section.
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THE ALLENE MOLECULE

The allene molecule model is of symmetry V4. If the four C—H distances
are taken as a reducible representation of the group, the symmetric structure

I'=A +B,+E (3)

is obtained. Following Wilson’s method 3%, the three symmetry coordinates

8B = (1/2) (ry + 719 + 73 + 7y
s(Bs) = (1/2) (7'1 + 7'2—7'3"_7‘4)
SE) = 2-3(r; — 1)

(4)

Table 1. Characteristic expressions by calculating mean amplitudes for C —H stretching
in certain molecules.

Symm. Symm. -
Molecule group species F Q v/c (cm™)
Acetylene Doon Ajg k+k” My + pe 337375
1u k—k" sE + e 3287 5
Benzene Dgn Ajg K, = (k + 2kp) + (km + 2ko) g +puc 3073 8
B K, = (k+ 2Icp) — (b + 2ky) ug +pc 3057 ¢
Ex Ky = (k— kp) + (km — ko) pu+pc 3056 ¢
Ep Ky = (k— kp) — (km — k) b +upuc 3064 °©
Formaldehyde Cy A, k+k pu + 2pccos?a 2780 8
B, k—Fk uy + 2ucsin?a 2874 8
Ethylene Vo Ag K= ((k+k)+ (K + k") pg+ 2uccos?a 3019.357
Bau K, = (k+ k) — (k" + k) pu + 2uccosta 2 989.5 57
Big Ky=(k—F)+ (k"—k") pyg-+ 2ucsin’a 3075 7
B K= (k—k)— (k" —%k") pu+ 2ucsin’ta 3 105.557
Allene Va A K,=k+k + 2k sy + 2uccos?a 2996 8
B, K,=k+ k' —2k" pu + 2uccos?a 3005 8
E Ky =bk—Fk uy + 2ucsin?a 3085 @
Cyclopropane  Dsn A’ .K1 =(k+k)+ 20"+ k") pg+ 2pccos?a 3029 °
E’ = (k+k)— (K" + k") pu+ 2uccosta 3 024.4 5
A, (lc—k') + 2(k" — k") pm + 2ucsin?a 3 103.0 °
E” K‘ = (k—Fk)—(k"—k") pu -+ 2ucsin’a 3080 °
Chloromethane Cgv A, k+ 2k pu + e (1 + 2cos2a) 2 966.2°
E k—Fk pu + 2ucsinia 3041.8%
Ethane D Ay Ky = (k+ 2k) + (k" + 2k") g + pc (1 + 2cos2a) 2 899.2 %
(eclipsed)
Ay Ky = (b + 2%) — (k" + 2k") px + e (1 + 2c0s2a) 2 954
E Ky=(k—k) + (k" —Fk") uuE + 2ucsin?a 2 994.3 °
B’ K, = (k—k') — (k" — k") pm + 2ucsin’a 2963 ©
Ethane Dya A K, = (k+ 2k’) + (K" + 2k’"’) pg + pe (1 + 2c082a) 2 899.2 5
(staggered)
A Ky = (k + 2k) — (k" + 2k""*) pgg + pe (1 + 2c0s2a) 2 954 ©
By K, = (k—k') + (" — k") px + 2ucsina 2963 °
Eu Ky = (k—k')— (k" —k’") uy + 2pcsinla 2 994.3 8
Methane Ta A, k+ 3k HH 2 914.23
F, k—Fk py + (4/3)uc 3020.35
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are formed. 7, and r, are the deviations from equilibrium C—H distances
at the atom C,, 7, and 7, at the atom C;. The corresponding elements on the
principal diagonal of the symmetrized F and G matrix are shown in Table
1. k is the principal force constant for C—H stretching, &' is the interaction
force constant between the C—H stretchings at the same carbon atom,
and k” at different carbon atoms. pmand uc are the inverse masses of H and
C atoms, and the equilibriun H—C—H angle is denoted by 2a. From the trans-
formation (4) we obtain

7y = (1/2)s4) 4 (1/2)s®) - 2-t(E) (5)

Wilson’s approximation of separating the extreme high C-—H stretching
frequencies is equivalent to assuming the symmetry coordinates in eqn. (5)
to be proportional with the normal coordinates,

s = (um + 2 pc cos?a)t QA
8B = (um + 2 uc cos?a)t QE) (6)

Then the coefficients C of eqn. (2) can easily be computed, their squares being

Ay C? = (1/4) (ua + 2 pc cos?a)
By €2 = (1/4) (um -+ 2 pc cos®a) (7)
E: C? = (1/2) (um + 2 pc sin’e)

Hence eqn. (1) gives the explicit formula for the mean square amplitude of
C—H as

u? = (b/167) (K} + Ky}) (un + pecosta)t + (h/87) Ki¥ (um + 2pcsin®a)? (8)
where the force constants from Table 1 have been introduced according to

Ay A = K (pu + 2pc cos’a)
By: Ay = Ky(pm + 2pc cos’a) (9)
E: 2; = K3(ur + 2uc sin’e)

The formula (8) is based on following approximations: 1) Small harmonic
vibrations are assumed, 2) the temperature dependence is omitted, 3) the
high C—H stretching frequencies are separated from the remaining funda-
mentals. This will be referred to as the first approximation.

FURTHER APPLICATIONS

The method has been applied to several representative molecules contain-
ing the C—H bond and are listed in Table 1. The principal diagcnal elements
of the symmetrized F and G matrices are included in the table, as well as
the experimental fundamentals. Troughout the table, the principal force
constant for C—H stretching is denoted by k and the interaction constants
for pairs of adjacent C—H bonds by %’. The remaining force constants are
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Table 2. Mean square amplitude for C—H by the first approximation for certain
molecules.

Molecule First approximation for u®
Acetylene (hi8a)[(k + k)% + (o —E") 3 (ug + po)}
Benzene (R1270)[(1/2) K, Y + (U)K, + Ky} + Ko 3y + po)?
Formaldehyde  (k/87)(k + k)-¥(uy + 2uccos?a) ¥ + (h)87) (k—Fk') % (g + 2ucsinia)}
Ethylene (R/167) (K-} + Ky ) (uu + 2uccosta)t + (B/16a) (Kt + K,°d)

(3 + 2ucsin’a)d
Allene (B/167)(K, 4 + Ky d)(um + 2uccosta)t + (R/8a)K, Y(uy + 2ucsina)?

Oyclopropane  (A/127)[(1/2)K; ¥ + Ky (s + 2uccosta)? + (R/127)[(1/2)K, % + K1)
(s + 2ucsin’a)}

Chloromethane (h/127)(k + 2k")-3[uy + puc(l + 2c0s2a)]¥ + (B/6m)(k —k')-%
(g + 2ucsin2a)§

Ethane (hi24n)(K, % + Ky Hug + pe(l + 2c0s2a)]1} + (B/122)(K,t + K )
(13 + 2ucsin’a)}
Methane (h167)(k + 3K’y Rugt 4 (3R/167)(k—F') Huy + (4/3)uc]?

due to interaction between C—H stretchings at different carbon atoms. In
the case of benzene, o, m and p refer to ortho, meta and para. The final for-
mulae for the mean square amplitudes for C—H by the first approximation
are listed in Table 2.

Table 3. General formulae for the mean square amplitude of C—H.

Type Second approximation for w?

=CH  (b4n)k-¥(uu + po)t

=CH,  (h/8)(k + k') }(un + 2uccosa)}t + (h/8a)(k—k') }(up + 2ucsina)}

—CH,  (W/12n)(k + 2k") 3[ug + pc(1 + 2c082a)13 + (h/6m)(k — k') }(un + 2ucsinta)}
CH,  (h/16a)(k + 3k) Yup? + (31/162)(k — k') um + (4/3)uc]?

Type Third approximation for u?

=CH  (W4n)k¥un + ue)?

=CH, (h/8n)k}{[ux + (1/2uclt + [ux + (3/2)uc1t}

—CH,  (h/127)k {[ug + (1/3)uc]? + 2[um + (4/3)uc]d}
CH, (h/16mk}{ux? + 8{uy + (4/3)uclt}

Type Fourth approximation for u?

General  (h/4m)k }(uy + po)?
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Table 4. Calculated mean amplitudes for C—H stretching (A units).

Molecule 1. appr. 2. appr. 3. appr. 4. appr.
Acetylene 0.07379 0.07378 0.07378 0.07378
Benzene 0.07696 0.07696 0.07696 0.07696
Formaldehyde 0.08007 0.08007 0.08007 0.08007
Ethylene 0.07713 0.07712 0.07712 0.07713
Allene 0.07718 0.07718 0.07718 0.07719
Cyclopropane 0.07701 0.07701 0.07700 0.07701
Chloromethane 0.07752 0.07762 0.07751 0.07751
Ethane 0.07824 0.07824 0.07822 0.07822
Methane 0.07781 0.07781 0.07780 0.07781

GENERAL FORMULAE

As a second approximation for u?2, the interactions between bonds attached
to different C atoms may be omitted. By doing this, general formulae are
obtained for the four types of C—H distances, depending on the number of
H atoms attached directly to the C atom. The formulae are listed in Table 3.

The third approximation for u2? is obtained by putting the interaction
constant k&’ equal to zero in the second approximation formula. Simultane-
ously, the numerical values 120° and 109°28’ have been inserted for the H—C—
H angle in the methylene and methyl groups, respectively.

In the third approximation, only the principal C—H stretching force
constant, k, is included. By making the corresponding approximation in
the G matrix, the proper element on the principal diagonal to be used is
uu + pc. Hence a general formula for all types of C—H distances is obtain-
ed, which is listed in Table 3 as the fourth approximation. This last formula
is naturally identical with the second and third approximation for C—H of
the =CH type.

NUMERICAL CALCULATIONS

All the approximate formulae have been applied for numerical calcula-
tions of w values for the molecules here considered. The calculations were
based on individual force constants, as obtained from the experimental funda-
mentals (see Table 1). The results are summarized in Table 4.

Table 5. Characteristic values of mean amplitudes for C—H stretching.

k (10°dyn cm™) 4.4 4.6 4.8 5.0 5.2
u (A) 0.0800 0.0791 0.0783 0.0775 0.0767

& (10°dyn cm™) 5.4 5.6 5.8 6.0 6.2
u (A) 0.0760 0.0753 0.0746 0.0740 0.0734
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CONCLUSION

It may be concluded that the introduced approximations are very good.
It is seen from Table 4 that they do not affect the results appreciably. Hence
if the C—H stretching force constant is assumed to have a characteristic
value in several different molecules, it is possible to give a characteristic value
for the root mean square C—H amplitude as well. In Table 5 the proper u
values are enumerated in the actual region of force constant values.
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